In this paper we address from the fundamental point of view the links and relations between three different phenomena that emerge when metallic films are perforated with periodic arrays of holes: (i) the phenomenon of extraordinary optical transmission in single metallic layers, (ii) the appearance of surface electromagnetic modes (the so-called spoof surface plasmons) when an array of holes is drilled on the surface of a perfect electrical conductor and (iii) the negative refractive index behavior observed in double-fishnet (DF) structures in which a periodic hole array is perforated on a metal-dielectric-metal stack. By using a very simple theoretical framework, we show how the physical origin of the negative refractive index in these DF structures is due to the excitation of spoof gap surface plasmon modes that propagate within the dielectric slab. We also demonstrate that the electrical response of the DF system is mainly controlled by the cut-off frequency of the hole waveguide. Finally, we present some results for multilayered DF structures that illustrate how the negative refractive index is maintained when several DF units are stacked together.
Introduction
The discovery of the phenomenon of extraordinary optical transmission (EOT) through subwavelength holes by Ebbesen and co-workers [1] has been one of most important findings in the field of optics during the last ten years. It has sparked considerable interest for its fundamental implications and also from the applied point of view, as many potential applications based on this phenomenon have been proposed [2] . The basic structure in which the EOT phenomenon emerges is a two-dimensional (2D) periodic array of subwavelength holes perforated on an optically thick metallic film. This phenomenon is characterized by the appearance of a series of transmission peaks and dips in the transmission spectrum. From the beginning, it was realized that the spectral locations of these resonant features coincide with the corresponding ones of the surface plasmon polaritons (SPPs) [3] . This link between EOT and SPPs has been corroborated by subsequent theoretical works [4, 5] and now it is widely accepted that the excitation of these surface electromagnetic (EM) modes is at the origin of EOT.
The first EOT experiments were performed within the optical regime of the EM spectrum with the period of the array being in the range 400-700 nm. However, it was predicted that the EOT phenomenon could also appear in perforated perfect electrical conductors (PECs) [4] . This hypothesis was experimentally verified by fabricating a 2D hole array in an aluminum sheet with the period of the array being 5 mm [6] . The fact that EOT also emerges in a perforated PEC raised some doubts regarding the origin of EOT, as SPPs cannot be excited on a PEC film. This paradox was resolved in 2004 [7] by demonstrating that, although the surface of a unstructured PEC does not support SPPs, when this surface is drilled with a periodic array of indentations (a periodic array of holes, for example), surface EM modes could exist whose characteristics are very similar to the SPP ones in the optical regime. In fact, it was demonstrated [7] that the dispersion relation of these surface EM modes was governed by a Drude-like behavior, in which the plasma frequency of the electron gas is replaced by the cut-off frequency of the hole waveguide. This property has important consequences as it opens the possibility of engineering the properties of these surface EM modes by playing with the geometry of the hole array. Due to their mimicking properties with respect to SPPs, these geometry-induced surface EM modes were called spoof SPPs.
On the other hand, the seminal paper published almost ten years ago by Pendry and co-workers [8] on the effective negative magnetic susceptibility associated with metamaterials formed by arrays of split-ring resonators opened the search for negative refractive index (NRI) materials [9] . In these NRI metamaterials, both the electric permittivity and the magnetic permeability are negative, leading to a refractive index that is negative. Metamaterials presenting NRI are expected to lead to important applications, the perfect lens as proposed also by Pendry [10] being one of the most exciting ones. One of the structures that displays this NRI behavior is the so-called double-fishnet (DF) system, a design very similar to the one showing EOT. The DF structure is composed by a 2D array of holes penetrating completely through a metaldielectric-metal film stack [11, 12] . Several experiments have shown that this structure presents NRI at visible [13] and near infrared frequencies [14, 15] . Very recent studies have also shown that this negative index metamaterial design also operates in the microwave frequency regime [16, 17] .
The aim of this paper is to discover the links and relations between the three phenomena described in the previous three paragraphs (EOT, spoof SPPs and NRI in double-fishnet structures) by analyzing the physical mechanism(s) leading to the NRI response of DF structures. The paper is organized as follows. In section 2, we resume the basic ingredients of the theoretical framework used in this analysis whereas in section 3 we present the main results and findings of our study. The main conclusions of our work are summarized in section 4.
Theoretical formalism
In figure 1(a) we render the DF structure analyzed throughout this paper. The DF structure is an infinite square array (period d) of rectangular holes of sides a x and a y , perforated on a film composed by two metallic slabs of thickness h m and a dielectric layer of thickness h d placed between the two metallic slabs. We are interested in looking at the transmission and reflection properties of this structure under illumination by a p-polarized plane wave. We are also interested in retrieving its effective optical parameters (electric permittivity, eff , magnetic permeability, μ eff , and refractive index, n eff ).
Let us present briefly the basic ingredients of the theoretical framework used to deal with the DF structure. More technical details can be found in [18, 19] . This method is based on a modal expansion of the EM fields in the different regions defining the system. In reflection (I) and transmission (III) vacuum regions the electric fields are expressed in terms of plane waves |kσ , characterized by the in-plane component of the wavevector k (x y plane) and the polarization σ as [14] in which the DF structure was made of silver: a x = 284 nm, a y = 500 nm, d = 600 nm, h m = 45 nm, h d = 30 nm and d = 1.9. FDTD calculations with (dashed line) and without (solid line) holes inside the dielectric layer. Dot-dashed curve: modal expansion calculations. The gray area shows the spectral region where Re(n eff ) < 0. The inset in this panel shows a schematic representation of the notation used for the modal amplitudes related to the DF structure. (2) where r k and t k define the reflection and transmission coefficients. Region (II) corresponds to the dielectric slab located between the two metallic films. In the experimental samples, this dielectric layer is also perforated by a 2D array of holes. Here, in order to simplify the calculation, we consider this region as a continuous layer. We will show later that similar results are obtained for perforated and non-perforated dielectric layers. Therefore, the electric field can be also expressed in terms of plane waves:
The magnetic fields are related to the electric field through the admittances, 
As a first approximation, we assume that the perforated metallic films (regions 1 and 2 in figure 1(a)) behave as PECs. Therefore, the EM fields are different from zero only inside the holes where the EM fields can be expanded in terms of the TE and TM waveguide eigenmodes |α as
where q zα represents the propagation constant associated with the mode α and A
α are its corresponding expansion coefficients. The admittance of the α mode is defined by Y α = q zα /k 0 for a TE mode, while for a TM mode Y α = k 0 /q zα . The index n refers to the metallic layer. For indentations with simple cross sections such as rectangular or circular, the required expressions for |α and q zα can be found analytically.
In the modal expansion of the EM fields inside the holes, it is convenient to relate the expansion coefficients to the quantities E
−iq z h m }, which are the modal amplitudes of the electric field of the α mode at the input and output sides of the holes of the n metallic film, respectively. After matching appropriately the EM fields at the four interfaces, we end up with a set of four coupled linear equations for the expansion coefficients {E
The different terms of these equations have a simple physical interpretation. I α measures the overlap between the incident plane wave and the α-mode of the first metal layer (n = 1):
where S σ 0 ,0α = k 0 σ 0 |α . The EM coupling between the holes forming the 2D array is mediated by the term G αβ , which can be expressed as
where S σ,αk = kσ |α . According to Bloch's theorem, k = k 0 + G, G being a reciprocal lattice vector. The coupling between the two sides of the holes is accounted for by
is related to the bouncing back and forth of the EM fields inside the holes. The terms
control the coupling between the first and the second metallic films.
Once the system of equations is solved, it is straightforward to find the expansion coefficients and the EM fields in all space. From them, we can calculate the reflection and transmission coefficients. Until now, we have assumed that the material forming the perforated films is a PEC. Therefore, within this approximation, quantitative results can be obtained in the terahertz or microwave frequency regimes. At optical frequencies, the metal conductance depends on the frequency of the incident light and EM fields penetrate into the metal. The effect of this penetration can be incorporated into our formalism by using surface impedance boundary conditions (SIBCs) at the horizontal interfaces of the structure, instead of the ones associated with a perfect conductor. By using these approximated boundary conditions, the final system of equations for the expansion coefficients does not change with respect to equa-
is the surface impedance of the metal. The different terms feeding the system of equations take the following expressions:
In our study, the dielectric function (λ) is taken from the Palik's handbook [20] . The great advantage of this modal expansion method is that, when dealing with subwavelength holes, a very good approximation to the transmission and reflection properties can be achieved by considering only the least decaying evanescent mode inside the holes (the TE 01 mode for the chosen polarization of the incident plane wave). This allows a semi-analytical treatment of equations (9) and to extend the formalism to study a large number of metallic films, as done at the end of this paper.
In order to check the validity of our formalism and their approximations, we have carried out some calculations on one the DF structures showing NRI in the near-infrared frequency regime [14] . In figure 1(b) we compare the results obtained with our modal expansion (dot-dashed line) with the ones using a more accurate theoretical framework, such as the finitedifference time domain (FDTD) method (solid and dashed lines). The solid line corresponds to the calculation for a perforated dielectric layer whereas the dashed line shows the result for a non-perforated dielectric layer. The fact that these two last curves are quite similar demonstrates that to consider a non-perforated dielectric film (as done in our modal expansion approach) is an accurate enough approximation. On the other hand, the agreement obtained between the dotdashed and dashed lines in the spectral region of interest (gray area in figure 1(b) , where the effective refractive index is negative) makes us confident regarding the reliability of our approach to underpin the physical mechanisms behind NRI in DF structures.
Results
Once we have shown that our theoretical framework is able to deal accurately with the transmission properties of DF systems in the near-infrared or optical ranges of the EM spectrum, we will concentrate on results obtained within the PEC approximation, in which it is easier to underpin the physical mechanisms behind the NRI phenomenon. To further simplify the discussion, we will also consider the case in which the dielectric film between the metallic slabs is air or vacuum ( d = 1).
In figure 2 (a) we render the normal incidence transmission spectrum (transmission normalized to the amount of light impinging at the unit cell of the structure versus wavelength) for a single metallic layer perforated with a 2D hole array. As we are working within the PEC approximation, all lengths in our system are scalable and from now on we will use the period of the array, d, as the unit length in our structures. The geometrical parameters of the structure analyzed in figure 2(a) are a x = a y = 0.33d and the thickness of the metal layer h 1 = 0.15d. This transmission spectrum is the typical one associated with the EOT phenomenon in PEC systems, namely, two transmission peaks reaching 100% transmission whose spectral locations appear close to the period of the array. As explained in detail in [4] , these two transmission peaks stem from the excitation of two surface EM modes. These two resonances correspond to the symmetric and anti-symmetric combinations of the two spoof SPPs excited at the two surfaces of the metallic film.
When a dielectric gap is placed between two perforated PECs, a new resonant feature appears in the transmission spectrum (see figure 2(b) ). In this case, the size of the holes is the same as in panel (a) but now the thicknesses of the two metallic films and the air gap are h m = h d = 0.05d. In this way, the total thickness of the structure is the same as the single perforated metallic layer studied in figure 2 (a). The new transmission peak is located at a longer wavelength and we will discuss its physical origin later. What is important is the link between this new resonance and the NRI response of the DF structure, as highlighted in figure 2(c) . This panel demonstrates the close correspondence between the spectral location of the long-λ transmission resonance and the region in which the effective refractive index of the structure is negative. This effective refractive index has been retrieved from the knowledge of the transmission and reflection coefficients by using the method described in [21] . In order to search for the physical origin of the resonance responsible for the NRI in the DF structure, it is convenient to look at their associated EM fields. This is done in figure 3 , where we render the amplitudes of the electric (panel (a)) and the magnetic (panel (b)) fields calculated at the resonant wavelength (λ ≈ 1.1d). The left pictures correspond to the EM field patterns evaluated at an xz plane that passes through the center of the holes, whereas in the right pictures the EM fields are calculated in an x y plane placed just in the middle of the air gap. As seen in the left panels, both the electric and magnetic fields are mainly concentrated in the air gap region. On the other hand, as shown in the right picture of figure 3(a) , the electric field associated with this resonance has a strong standing wave character in the x-direction. These results suggest that the resonance responsible for the NRI response is a gap-SPP mode running at the dielectric layer placed between the two metallic films [22] . As in the structure we are analyzing the metallic films behave as PECs, we could call them spoof gap-SPP modes. Its origin does not stem from the finite dielectric constant of the metal as in the case of real gap-SPP modes but it relies on the existence of a 2D hole array drilled on the PEC films. Now we analyze the dependence of the NRI response on the geometrical parameters of the 2D hole array, in particular of a y . In figure 4 we study the evolution of the transmission spectrum and the corresponding effective optical parameters ( eff , μ eff and n eff ) when a x is fixed (a x = 0.33d) and a y is varied between a y = 0.42d and 0.75d. The thickness of the DF structure is the same as in previous cases (h m = h d = 0.05d). This evolution can be understood by revisiting the concept of spoof SPP modes. As explained before, in [7] , it was demonstrated that the dielectric response (in the effective medium limit in which diffraction effects are neglected) of a semi-infinite holey PEC presents a Drude-like behavior in which the plasma frequency of the electron gas is replaced by the cut-off frequency of the hole waveguide. Regarding the magnetic response, the effective magnetic permeability, μ eff takes a constant value. In mathematical terms, these two last sentences translate into (20) where S = 2 2a x a y /πd and ω p = πc/a y . The magnetic permeability, μ eff , is just a constant value. This equation implies that the cut-off wavelength, λ C = 2a y , also marks the separation between positive and negative values of eff for a semi-infinite perforated PEC. Remarkably, this is quite close to what we observe in panel (b) of figure 4 , that displays the evolution of eff as a y is increased in a DF structure. The spectral location in which the real part of eff changes from positive to negative values (marked by vertical dashed lines) appears quite close to λ C . The small displacement with respect to this λ C is due to the fact that in a DF structure the thicknesses of the two metallic films are finite. On the other hand, the magnetic permeability (see panel (d)) has a resonant response that, as explained above, is associated with the excitation of spoof gap-SPP modes in the air gap. Although the spectral location of the magnetic response also depends on a y (the dispersion relation of the spoof gap-SPP mode is expected to be controlled by the geometry of the hole array), its evolution is less dramatic than the change in eff when a y is increased. As expected, negative values of n eff (see panel (c)) appear in regions in which both eff and μ eff are negative. Interestingly, when a y is very large (for the set of geometrical parameters we are considering, a y = 0.75d) there is no NRI region in the spectrum. This is due to the fact that the cut-off wavelength is longer than the spectral location of the spoof gap-SPP mode responsible for the resonant magnetic response.
The fact that DF structures display NRI behavior at nearinfrared and optical frequencies is quite interesting; however, they are not truly 3D metamaterials as their thicknesses are much smaller than the operating wavelength [23] . Therefore, the question of what happens to the NRI behavior of DF-based structures when many metal-dielectric-metal stacks are added is timely and important from both the fundamental and applied points of view. In what follows, we address this issue by making use of our modal expansion technique in which the inclusion of many multilayers is straightforward. In figure 5 we plot the evolution of the transmission spectra as the number of dielectric layers, N, is increased from one (the case we have analyzed up to now) to four. The geometrical parameters of the 2D hole array we have used in these simulations are the same as the ones used in figure 2(b) . As clearly seen in this figure, the inclusion of more and more layers results in the appearance of additional resonant features in the transmission spectrum. The number of these new features exactly coincides with the number of dielectric layers, N. Associated with these transmission peaks, resonant behaviors of the magnetic response, μ eff , leading to negative values are also observed. Note that the EOT peaks associated with the two surface EM modes of the entrance and exit surfaces of the structure are still present in the transmission spectrum but their linewidths are strongly reduced as N is increased. The fact that the number of transmission peaks coincides with N suggests that the origin of the multiple transmission peaks stems from the electromagnetic coupling between the spoof gap-SPP modes running at the air gap regions. These localized modes are electromagnetically connected via the 2D hole arrays of the PEC layers. This hypothesis is nicely corroborated by figure 6, which shows the E-field amplitude patterns (evaluated at an xz plane that passes through the center of the holes) for the first four resonances appearing for the case N = 10. These patterns look like the different waveguide modes appearing in a Fabry-Perot cavity. They present standing wave character both in the x-direction (coming from the interference between two counter-propagating gap SPPlike modes) and in the z direction, typical of Fabry-Perotlike resonance. The first resonance (appearing for this set of parameters at λ = 1.049d) is the fundamental mode in which no nodes are present in the z-direction. As the wavelength is increased (see panels (c)-(e)), more and more nodes emerge in the pattern. These four panels highlight the collective nature of the EM modes involved in the NRI response of multilayered DF structures.
In the structure analyzed in figure 6 (N = 10), the thickness of the whole structure is still of the order of the wavelength. The final system we want to present in this paper is a truly DF-based 3D metamaterial. In figure 7 we render the transmission spectrum (in this case transmission versus photon energy in eV) for a DF-based structure with N = 200 air gaps. The geometrical parameters are the same as in previous cases and we have used d = 600 nm as the period of the hole array. As expected, many transmission peaks located within a very narrow energy range emerge in the spectrum. The linewidth of this NRI band (marked with label 2 in figure 7 ) is of the order of 50 nm. Interestingly, there is another NRI band (marked with label 1) appearing at higher frequencies. These results are corroborated by FDTD calculations on the infinite DF structure. The inset of figure 7 displays the dispersion relation (frequency versus momentum in the zdirection) of these NRI bands as calculated with the FDTD method. There is an excellent agreement between the FDTD and modal expansion results that shows again the reliability of our theoretical framework. More importantly, these results demonstrate that the NRI behavior in DF structures in PECs is maintained as the number of DF layers is increased. Note that in real metals in the optical or near-infrared regimes the presence of absorption within the metal layer would limit strongly the NRI response in multilayered DF-based structures.
Conclusions
We have analyzed in detail the physical mechanisms leading to the negative refractive index response observed in doublefishnet structures made of perfect electrical conductors. We have found that the electric response is mainly controlled by the cut-off frequency of the hole waveguide, which marks the separation between positive and negative values for the effective electric permittivity. On the other hand, the resonant magnetic response that yields negative values for the magnetic permeability is due to the excitation of gap-SPP-like modes propagating along the dielectric gap. We have related these two properties to two other phenomena that appear when a metallic film is perforated with a periodic array of holes: the phenomenon of extraordinary optical transmission and the emergence of spoof surface plasmon modes in perforated perfect conductors. We have also analyzed how the negative refractive index response evolves when many double-fishnet units are stacked together. Multiple magnetic resonances emerge in these structures originated from the electromagnetic coupling between the different gap surface modes of the dielectric gaps. Finally, we have shown that in a truly 3D DFbased metamaterial the negative refractive index behavior is maintained.
